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1 Introduction and main results 

In this paper we study the spectral generahzation of the Willmore functional 
for the surfaces in the three-dimensional nilpotent Lie group Nil with left- 
invariant metric admitting four-dimensional isometry group, i.e. endowed 
by one of Thurston's geometries. 

The Weierstrass representation for surfaces in Nil was introduced by us 
in where following the spectral point of view on the Willmore functional 
adopted in ^1 we proposed its generalization as 



E{M) = [ UV 
Jai 



idz A dz 



where U and V are the potentials of the Dirac operator coming into the 
representation. For the case of surfaces in M'^ this formula gives the quarter 
of the Willmore functional W = / H^dfi. However for surfaces in Nil the 
functional E is not proportional to the Willmore functional which in general 
is equal to f {H^ + K)dfi where K is the sectional curvature of the ambient 
space along the tangent plane to the surface. 

In this paper we demonstrate that for surfaces in Nil the functional 
E{M) resembles the Willmore functional for surfaces in in many geo- 
metrical respects. 
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•'"Institute of Mathematics, 630090 Novosibirsk, Russia; e-mail: taimanov@math.nsc.ru. 



1 



In particular, we prove that for closed surfaces of revolution E is positive 
and for spheres of revolution the minima of E are given by constant mean 
curvature spheres (see Theorem 2 and corollaries therein). Moreover these 
spheres are critical points of E (see Theorem 3). 

We observe the relation of the functionals E and W to the isoperimetric 
problem: in particular, both functionals E and jW attain the same value 
vr on the cmc spheres in Nil and respectively (see Theorem 1). For 
these spheres are isoperimetric surfaces and it is conjectured that the same 
is true for Nil . Therewith we also show in ^ how to derive some results 
from and by using the Weierstrass representation. 

We find this relation of the theory of the Willmore functional to the 
isoperimetric problem interesting. We discuss this relation and some open 
questions in ^ and demonstrate it one more time for the case of surfaces in 
52 X M in go 

In ^6. II we also derive the Euler-Lagrange equation for the functional E. 

2 The Weierstrass representation of surfaces in 
the Heisenberg group 

The Heisenberg group Nil is the nilpotent Lie group formed by all matrices 
of the form 



with the standard multiplication. It is assumed that the group is endowed 
by the left invariant metric 



The Lie algebra is spanned by three generators ei = 6^,62 = 6^,63 = 
which meet the commutativity relations 



The scalar product at the Lie algebra to Nil induced by this left-invariant 
metric we denote by 




ds^ = dx^ + dy'^ + {dz — xdy)"^ . 



[61,62] =63, [61,63] = [62,63] = 0. 
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{u,v) = 



6i, V = y^^v^ek. 



i=l 



2 



As a smooth manifold this group is difFeomorphic to and on Nil we also 
may introduce the cylindrical coordinates {p, (p, h) as follows: 



X 



pcos t 



y = p sm I 



— cos(/)sin0 + h. 



Given a point z = h on the z-axis we draw the geodesic 7 of the length p 
orthogonally to the z-axis in the direction defined by (j), the angle between 7 
and the x-axis. The end-point of the geodesic has the coordinates {p, (f), h). 
The metric in the cylindrical coordinates takes the form 



dp^ - p'^dhdfP + -p2(4 + p2)(i02 ^ ^f^2 



and we see that it is invariant under rotations <p ^ <j) + 9 around the z-axis. 

In fact from this formula for the metric it is easily derived that Nil has a 
four-dimensional isometry group generated by left translations: g hg, h G 
Nil , and rotations around the z-axis. 

Let us expose basic facts on the Weierstrass representation of surfaces 
in three-dimensional Lie groups G introduced in 

The Weierstrass representation of a surface 

f:M^G 

defines it in terms of a solution to a nonlinear equation 



0_ d 
-d 



+ 



U 
V 



where z is a conformal parameter on the surface, 



^ = 0, 



and 



■01 -02 



fc=l 

is the linear expansion of f^^f : M TiNil in the generators 61,62,63 of 
the Lie algebra, of Nil , identified with the tangent space to Nil at the unity. 

The nonlinearity is hidden in the potentials U and V and for G = Nil 
we have 

ml ), 
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where H is the mean curvature. 

Therewith the induced metric equals 

ds^ = {\iJi\'^ + \ij2\'^ f dzdz, 

the Hopf differential A = (V f^fz,n){dz)'^ takes the form 

Let us denote by n the normal vector, to the surface, translated to TiNil by 
the left multiplication by /^^. It is equal to 

n = e"° [iiipiip2 - ipiip2)ei - (V'iV'2 + ipiip2)e2 + (|V'2|^ - |V'i|^)e3)] , (3) 

The derivational equations express derivatives of in z and z and this 
system is formed by and the equations 

dip2 = -Ae'^ipi + 024)2 - ^V'lV'i- 

The derivational equations are obtained by simple straightforward com- 
putations and one of the immediate consequences is as follows 

• a surface (in Nilj has constant mean curvature if and only if the 
quadratic differential 

is holomorphic. ^ 

^ Since it was proved earlier in [3| that for constant mean curvature (cmc) surfaces 
in the products x K and x R some generahzations of the Hopf differential are 
holomorphic and the same was announced for surfaces Nil and other three-spaces with 
four-dimensional isometry group in 1 and since these results by Abresch and Rosenberg 
motivated us to prove the same by our methods, in [3] we attributed the statement on 
the holomorphicity of this differential for cmc surfaces to Abresch. However the detailed 
analysis of the formulas from 15| shows that the Abresch-Rosenberg differential has the 
form 

{H + iT)Adz'^. 

Therewith Nil is locally considered as a one-dimensional fibration over the flat two-space 
with the bundle curvature r. 
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For surfaces in it is clear that Hopf differential is holomorphic if and 
only if the surface has constant mean curvature. We did manage to general- 
ize this fact for surfaces in Nil and did not succeed for surfaces in S'L2(M). 
It appears to be impossible. Recently it was showed by Fernandez and 
Mira that for surfaces in this group there are non-compact not cmc surfaces 
which the differential Adz'^ is holomorphic however all compact surfaces for 
which this differential is holomorphic are cmc surfaces (see this and sim- 
ilar results related to surfaces in other three-spaces with four-dimensional 
isometry group in (4j). 

In we also introduce the (spinor) energy of a compact surface M 
without boundary in Nil (and also in SL2(M.)) as 



For a surface in J7 = U = V in its Weierstrass representation and 
E{M) = ;|W where W is the Willmore functional ^Oj- The point of view 
based on the spectral theory of Dirac operators V coming in the Weier- 
strass representations and taken and demonstrated in |in[ lllj assumes that 
the spectral properties of V have to have important geometrical meanings. 
Thus we treat the functional E as the spectral generalization of the Willmore 
functional. Although the product UV is complex-valued it was showed in 
P] that the integral taken over a compact surface without boundary equals 



where K is the sectional curvature of Nil along the tangent plane to 
a surface and dfi = e'^°'dx A dy is the induced measure on M. 

3 Constant mean curvature spheres in the Heisen- 
berg group 

3.1 The main equation for surfaces with A = 

Let us first formulate some simple identities obtained from the derivational 
formulas and checked by straightforward computations: 
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where = {n, 63), 

e^" = ^ (7) 
1 - ns^ 

and 

^ = {2H-^)\Zs\'-^. (8) 
oz 1 — n^^ 

The formula © easily follows from the derivational equations written in 
terms of the immersion /: 

Vfn = -Hf,-2Ae-^''h. 

Let us suppose that the differential Adz'^ vanishes which, in particular, 
implies that the mean curvature of a surface is constant 0: 

A = -^. = const. (9) 
Substituting ® into © and expressing e^" via ((T)), we obtain 

' H + U\^\z, (10) 



dz V 2 AH + 2i 

which together with (jSj) implies 



1 - 77-3^ 



We have 



Proposition 1 For a surface in Nil mi/i vanishing differential Adz'^ the 
equation ill}) holds. 

Moreover the metric on this surface is uniquely reconstructed from 
the function n-^ and the constant H. 

The first statement is already derived. To prove the second part it is 
enough to reconstruct Z3 from (|lUj) and then by using Q derive 



2a ^ 4 16H'+4 
l-nl {Am + n32)2 



dz 



2 



(12) 
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3.2 CMC spheres of revolution 

Constant mean curvature of revolution and more general cmc surfaces with 
helicoidal symmetry were described in different terms in iS,. We demon- 
strate here how a description of cmc spheres is straightforwardly derived via 
the Weierstrass representation. Moreover these computations will be neces- 
sary for us for computing the values of different functional (area, bounded 
volume, spinor energy) on these spheres. 
Let us consider the following solutions to 

^3 = -^^2^^ (13) 

where = + y^, z = x + iy. 

If such a solution corresponds to a surface with A = Q then, by the 
induced metric e'^'^dzdz on the surface takes the form 

16(l+4g^)(l+r2)^ 
((r2- 1)2+ 4^2(1 +r2)2)2 ^ > 

We look for a surface which is obtained by a revolution of curve 7(r) = 
{p{r),ip{r), h{r)) and for which the induced metric takes the form H14|) where 
X = r cos 9 y = r sin 9 are the conformal coordinates on the surface with 9 
the angle of rotation. 

The induced metric on a surface of revolution in the coordinates r and 
9 is equal to 

p2 + ^ J^J^2p2 + ^) V' - /o'/i') 

Such a metric takes the form e^'^dzdz if and only if /?, /i and -0 satisfy the 
following equations: 

2 I P „2 2« /o„2 , P \ „;,/ 27/ 



^ (2P^ + ^)^' 



/,'2 + p/2 ^ ^2^.2 ^ 1^4^.2 _ p2^,^, ^ ^2a _ 



This system is rewritten as follows: 



(J I . ct'2 
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where a = 2\/r+7V" - 2. 

If e^" takes the form ((HI) then 



16H 



£7 



(r2-l)2 + 4F2(r2 + l)2 



and we have 



16r2 



y (r2-l)2+4F2(r2 + l)2' 

16iJ(l + 4i?2)r(l + ^2)2 
((r2- 1)2 +4/72(1 + ^2)2)2' 

= ^ (^2 _ 1)2 +4^2(1 + ^2)2- 



The final formulas for the generating curve j{r) of the surface of revolution 
are as follows: 



4r 



1 + 4ij2 
4i?2 



V^(r2-l)2+4i72(r2 + l)2' 
4i?(l -r2 + 4if2(l + r2)) 



(r2 - 1)2 + 16^4(1 + ^2)2 + 8^2(1 + ^4) 



+ 



+ arctan 
■0 = arctan 



— ir'-l + iH\r' + l)) 



(15) 



where r £ [0, oo]. 

The following proposition is checked by straightforward computations. 

Proposition 2 For any H,0 < H < oo, the curve H15|) generates by revo- 
lution a sphere with constant mean curvature H . 

Let TiNil be the 5^-fiber bundle over Nil formed by all unit vectors. 
We denote by / : M — > TiNil the Gauss map which corresponds to a point 
p £ M the unit normal vector at p. 

Proposition 3 Given H,0 < H < oo, for any point q G TiNil there exists a 
sphere of revolution M with constant mean curvature H such that q £ f{M). 
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Of course, here and in the sequel we mean by spheres of revolution not 
only spheres given by (jlSj) but also their left translates in the group Nil . 

Proof Proposition 131 Let q = (p, ^) with p G Nil and ^ E TpNil . Given 
the sphere Sh, it follows from H15() that 71,3 takes all values from —1 till 1. 
Therefore let us take pi G Sh such that ^3 = n3(pi) and translate Sh into 
a cmc sphere Si by left-translation g ^ hg such that hpi = p. The normal 
to Si at pi equals (Ci)?2'?3)- Then we rotate Si around the z-axis coming 
through p to achieve a sphere S2 for which the normal at p is equal to ^. 
This proves the proposition. 

3.3 CMC spheres 

To finish the description of all cmc spheres in Nil we are left to show all 
such spheres are just spheres of revolution: this fact was proved in [2j for 
surfaces in S"^ x M and x M and was stated in ^ for other three-manifolds 
with four-dimensional isometry group. Moreover in ^ it is explained that 
the proof for the latter case is almost the same as for the cases of products 
[2] . Here we expose such a proof for in the particular case of Nil . 

Proposition 4 (Abresch Rosenberg j^) Given H,0 < H < 00, any 

complete surface with A = is a sphere of revolution. 

Proof. One of the Gauss-Weingarten equations reads 

Vf^n = -Hf,-2Ae-^''f^. (16) 

Since ^ = 0, we have A = —jjfy ^^'^ therefore at any point p the vectors 
V/^n are V/^n uniquely defined by fz, fz, and the point p. Moreover we 
have 

(v^ny = ^ + ^;.,(p)/>^ 

The equation H16() takes the same form for any conformal coordinate w = 
w{z) on the surface. In fact it defines a two-plane Ilg in Tq (TiNil) with 
q = {p, n) such that 11^ is tangent to the image of the Gauss mapping of 
any surface with A = 0. Thus we have a two-dimensional distribution 11 
on TiNil . Any integral surface of this distribution is uniquely determined 
by any its point and, since through any point of TiNil goes the image of 
the Gauss map of a cmc sphere, we conclude that all complete surfaces with 
A = are cmc spheres. Proposition is proved. 
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3.4 Remark on the isoperimetric problem for Nil 



Since the metric on the sphere equals 



the element is equal 



dfi = re^'^drdO. 



Substituting (|14j) into this formula we compute the area A(H) of the 
sphere Sh with constant mean curvature H: 



In the domain Dh bounded by the sphere Sh we take for coordinates 
the parameters S G [0,1], r £ (0, oo) and 9 £ [0, 2tt] such that the cylindrical 
coordinates of the point {5,r,0) are equal to p = Sp{r), cp = ip{r) + 6 and 
h = h{r) where the functions p{r), h{r), and il){r) from (fT3)) define a sphere 
of revolution. 



dp = 5p'{r)dr + p{r)d5, dcj) = ip'(r)dr + d9, dh = h'{r)dr 
and, substituting these formulas to we compute the induced metric: 

ds"^ = p^dd"^ + 25pp'drd5+ 






We have 




and the volume form di^: 




Therefore the volume V{H) of equals 




10 



^ Uh{4H^ + 3) - (4i?2 + 1)(4F2 - 3) ( - - arctan 



4iJ^ - 1 



4H 



Finally we obtain the relation between the area V{H) of a cmc sphere and 
the volume V{H) of the domain bounded by this sphere: 

Conjecturally the relation between A{H) and S{H) gives a solution to 
the isoperimetric problem for Nil . 

For a general n-dimensional Riemannian manifold this problem consists 
in finding a hypersurface S which minimizes the (n — l)-volume Vn-i among 
all surfaces bounding domains of n-volume d. This surface has constant 
mean curvature and is called isoperimetric and we denote its volume by 
Vn-i{d). From the geometric measure theory it is known that for n < 7 an 
isoperimetric hypersurface is smooth 

For the isoperimetric surfaces are the round spheres and V2{d) = 
(247r(i^)^/'^. This was originally proved by Schmidt in 1930s by the sym- 
metrization method however now it also can be derived from the Alexan- 
drov theorem that all embedded compact cmc surfaces without boundary in 

are homeomorphic to spheres and the Hopf theorem that all cmc spheres 
in M'^ are the round spheres. 

The analog of the Alexandrov theorem is not known for Nil . However 
it is very unlikely that isoperimetric surfaces in Nil are non-spherical and it 
is a reasonable and known conjecture that isoperimetric surfaces in Nil are 
homeomorphic to spheres. If it is true the cmc spheres Sh, < H < oo, give 
isoperimetric surfaces for all d, < d < oo. ^ We remark that for a compact 
Riemannian manifold and for small volumes the isoperimetric hypersurfaces 
are homeomorphic to a sphere [7]. 

^After the posting of the first version of this paper in the internet F. Morgan pointed 
out to us the paper 1121 where the constant mean curvature spheres of revolution in Nil 
are described and it is proved that for small volumes, i.e. for H ^ 0, they are solutions 
to the isoperimetric problem. 
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4 The spectral generalization of the Willmore fun- 
ctional 



For closed oriented surfaces in Nil the spinor energy functional introduced 
in [2] is equal to 



EiM)= I f/y!^^^^-" 




For cmc spheres Sh the spinor energy takes the form 

/>oo / 1 \ 



(18) 



E{Sh) = -J^ [H' - ^nij e'^rdr (19) 

where 713 and are given by ()13|) and (|14() . Substituting these formulas 
for 71-3 and the metric into (|19j) . by straightforward computations we prove 

Theorem 1 For all cmc spheres in Nil the spinor energy is equal to it: 

E{Sh) = vr. (20) 

Let us compute the classical Willmore functional 

W(M) = f {H^ + K)dfi. (21) 

for these spheres. Since for surfaces in Nil we have K = j — e~^"(|'(/'2p — 
l^iP) = i - it follows from ^ and (EU that j's^Kdn = 16it - 
(4i?2 _ 1) A{H) and finally we derive that 

, , vr (l + 4/i'2)(3//2 _ 1) 
>V(5^,) = lOvr+^-vr^ '-^ 

Therefore we see that the Willmore functional does not take a constant value 
on constant mean curvature spheres. 

Let us compute the spinor energy for closed surfaces of revolution. 

We have the S'0(2)-action on Nil by rotations around the z-axis and the 
quotient space Nil / SO{2) is the half-plane tt > with the local coordinates 
u = p and V = z where p, (/>, and z are the cylindrical coordinates. By 
there is a submersion 

m\ ^ B = Nil /SO{2) 





"4^2 - 1" 


arctan 


4i7 


V2 
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where Nil /SO (2) is endowed with the metric 



4u' 



Let 7(5) = {u{s),v{s)) be a smooth curve in B which generates by revolution 
a smooth surface in Nil . Here we denote by s the natural parameter on 7. 
Let a be the angle between 7 and the direction We have the following 
formulas for the tangent vector t and the normal vector n: 

t = (cos (T, {2u)~^ \/ 4v? + sinu), n = (— sin cr, (2ti)^"'^ \/ Av? + cos o"). 

Moreover u, v, and o" satisfy the following ordinary differential equations: 



u = cos a 

V = (2n)^^\/4u2 + u^sino" 



a = 2H — u ^ sin a, 
where the dot denotes the derivation in s. It follows from (|22)1 that 



(22) 



H = -{a + u ^ sin a) . 

These formulas for t, n, and H were derived in [3| 
It is easy to compute 

d\ 2u 



n. 



dz 



.-cos (7, d/i = -\/ + w^dOds. 

V4n2 + ti"' 2 



Rewriting the functional E in terms of u and a we compute 



£;(M) 



vr 



(^ + ^)' 



4li2 + 



cos^a 



\/ Av? + ds 



4 



(0-- 



crsmo" 



u 



\l 4^2 + li^ 



2 2 
M COS 0" 



\/4m2 + 



ds. 



Now we are left to notice that 



crsmcT 



V 4m2 + 



u 



V4m2 + 



cos fJ 



(is 



4 7^ V \/4 + n2 y 4 7 9s 



\/4T n 

Thus we prove the following theorem. 
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Theorem 2 Given a closed surface M in Nil obtained by revolving a curve 
7 C -B around the z-axis, the spinor energy of M equals 

IT f / sinuN^ / — 7, vr f dliiVA + n^l , 



(23) 



where x{^) ^-^ Euler characteristic of M . 

Moreover if & = everywhere on the surface then it is a cmc sphere. 

Corollary 1 For spheres of revolution E{M) > vr and the equality is at- 
tained exactly at cmc spheres. 

Corollary 2 For tori of revolution E[M) > 0. 

We also have 

Theorem 3 The cmc spheres in Nil are the critical points of the spinor 
energy functional E. 

Proof. The Euler-Lagrange equation for E takes the form 

AH + 2H{H^ -K) + 2e-^°'{AZl + AZ^) = 

(see Theorem 4 in ^6.1() . The cmc spheres meets the equations H = const 
and A = — 2H+i which imply 

r2 r^N _ o„-4a T_r| /i|2 _ r,„-4a j-r l^sl^ 



AH = 0, 2H{H^ -K) = 8e-^"F|A|^ = Se-^^F 



17 |4 



4//2 + 1 ' 



4i?2 + 1 ■ 

It follows from these formulas that the cmc spheres in Nil meet the Euler- 
Lagrange equation for E. Theorem is proved. 
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5 Final remarks and open questions 



We see that the energy functional in many geometrical respects behaves 
similarly to the functional 

for closed oriented surfaces in M^. 
Indeed 

1. as in (|2U|1 we have 

W 

T = " 

for all isoperimetric surfaces, i.e. the round spheres, in R^; 

2. we have 

where >ci and X2 are the principal curvatures. The latter formula is 
similar to (|23|) however the quantities & and are not the principal 
curvatures of a surface of revolution; 

3. the condition A = distinguishes among complete compact surfaces in 

exactly the cmc spheres which are the minima of the Willmore func- 
tional yV for surfaces. Among closed surfaces of revolution in Nil the 
similar condition ^ = distinguishes exactly the cmc spheres which 
are the minima of the functional E (among spheres of revolution). 

These geometrical observations confirm that the functional E coming 
from the spectral theory of the Weierstrass representation sounds to be the 
right generalization of the Willmore functional to surfaces in Nil . 

We also have to consider the equation ^ = as distinguishing generalized 
umbilic surfaces: both in and in Nil the complete compact "umbilic" 
surfaces are the cmc spheres. We remark that for cmc spheres in Nil only 
the poles, i.e points invariant under rotation symmetry, are umbilics in the 
classical sense. 

From the point of view of this generalization the following open problems 
are interesting for study: 
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1. to prove that E is bounded from below for each topological type of 
closed oriented surfaces or even to prove that E is positive; 

2. to prove that the cmc spheres are the global minima of E among 
spheres; 

3. to generalize the formula H23() for general surfaces; 

4. to find the minima of E among surfaces of fixed topological type and, 
in particular, to find the substitution of the Willmore conjecture. 

Of course it sounds interesting to consider the same questions for surfaces 
in SL2{^) for which case the Weierstrass representation and the energy 
functional were also derived in [Hj. 

6 Appendices 

6.1 The Euler— Lagrange equations for the functional E 

Theorem 4 Let f : M ^ Nil be a regular surface and r : M x [0, 1] Nil 
he its smooth variation: r^ = f . We assume that r is constant on the 
boundary of M if it exists: r{p,t) = f{p). Let ^^^q/^ \t=o = where n is 
the unit normal field to M . Then the variation of E at t = equals 

5E{M) = - j {AH + 2H{H'^ - K) + 2e"'^°(AZ| + AZi))ipdfj.. (24) 

Proof. By j3j, we have to compute 

6E = ^(^6 j^^ H'd^, - 6 \ni^ d,,. (25) 

Given parameters x and y on M we mean by ri and r2 the derivatives ^ 
and |. 

The Gauss-Weingarten equations reads 

Vj-rj = T^fk + hijn, ViU = -hlrj = -g^^hkirj, 

where gij and hij are the first and second fundamental forms of M. By the 
definition of the mean curvature, we have 

6dn = —2IL(pdiJ,. 
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a) Let us compute 

5 j H^dji = 2 J HSHdfi + J H'^ddfj, = 2 J H{5H)d^ -2 J H^ipd^. 
We have 

25H = 52H = S{g'^h,j) = {5g'^)hij + g'^hij (26) 

and the Gauss- Weingarten equations imply that 5gij = 6{ri,rj) = —2iphij. 
Since = 6 {gijg^^) = gijSg^^ + g^^dgij = gijdg^^ - 2iphijg^^, we have 

5g^^ = 2ipg^''hl 

Let us compute 5hij which equals 5hij = Sl^jri^n) = {Vjri,6n) + 
{SV jri,n) . By the Gauss-Weingarten equations, we have 5n = —g^^ipjVi 
which implies {'Vjri,6n >= —T^jipk. We also have 5V = V dt^ j^i = 
^j^dtri + {^dNjri - VjVQtri) = VjVi{ip)n + ipR{rj,n)ri from which by 
straightforward computations we derive that {W j\I iipn,n) = ipij — iph^hkj- 
Combining the previous computations we obtain 

5hij = -Tijipk + ifij - ^hihkj + ip{R{rj,n)ri,n). 

Substituting the derived formulas for 5g^^ and 6hij into we conclude 
that 

25H = g'^i^fij - r'^jifk) + 'pg^'^hihij + (pg'^R{rj,n)ri,n) = 

= A99 + (phih'^ + <fg'^R{rj,n)ri, n) 

where A is the Laplace-Beltrami operator on the surface. Since h\,h^ = 
Tr h'^ = kf + k2 = {ki + A;2)^ — 2kik2 = 4//^ — 2K, we rewrite the previous 
formula as 

25H = A(^ + (4^2 _ 2K)ip + g'^ {R{rj,n)n,n)ip. 
Therefore, by using the equality Jj^j{Aip)Hdii = Jj^j(AH)ipdfi we derive 

6 [ H^dfi= [ {AH + 2H{H^ - K)if + Hg'^{R{rj,n)ri,n))tfdfi. 
Jm Jm 

Assuming that the coordinates x, y are curvilinear orthogonal: gi2 = 0, 
we have 

g'^ {R{rj,n)ri,n) = g^^ {R{ri,n)ri,n) + g"^"^ {R{r2,n)r2,n) = 
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= K{ri,n) + K{r2,n) 

where K{u, v) is the sectional curvature of the ambient space along the plane 
spanned by u and v. 

Let us specialize the formula for 5 J H^dfj, for the case of surfaces in Nil . 
In this case the sectional curvature depends only on 77,3 and equals \ — 
(see, for instance, 0) and we have K{ri,n) + K{r2,n) = 713^ — ^ which 
implies 

5 1 H^dfi= I {AH + 2H{H^ - K) + H{nl--))<fdfi. (27) 

b) Let us compute 

6 / n^'^dfi = / 2n36n3dfi + / n^'^ddfi. 
Jm J Jm 

Therewith we assume that z = x + iy is the conformal parameter on the 
surface and the metric takes the form e^^dzdz. 

Since {n.dez) = (n,V<^„e3) = {n,ip{\n2ei - \n1e2)) = \(p{n2ni - 
nin2) = 0, ^ we have (5n3 = 5{n,e-i) = {5n,e-i) which is equal to {611,63) = 
{-g'^(pjri,e3) = -2e"^"(v9^r^ + (^-r;,, 63). 

Thus we compute 

2/ n36n3d^i=-A n3{(pzr- + (f-r^, e3)dx A dy = 
Jm Jm 

= 4 {{n3{r-, 63))^ + {n3{rz, e3))z)'^dx A dy. 
Jm 

By the Weierstrass representation formulas (see we have (r^-'^r^, 63) = 
Z3 and, since the metric is left-invariant, we conclude that 

/ n35n3dfi = 2 (713(9^3 + 5Z3) + ((Va^n, 63) + (n, Va^e3))^3+ 
Ja4 Jm 

+ ((Vazn,e3) + {n,Vg:ze3))Z3)ipdx A dy 

Since dZs + dZs = Hnse'^'^ (see 0), it follows from (UH) that {Vozn,e3) = 
—HZ3 — 2Ae~'^°' Z3. From the formulas for the Levi-Civita connection on 
Nil it also follows that {11,^0^63) = (n, Vziei+Z2e2+Z3e3e3) = (nici +71262 + 

^Here we use the formulas for the Levi-Civita connection on Nil exposed, for instance, 

inia. 
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nscs, \Z2e1 — ^^162) = \{niZ2 — 712^1) = ^Z^. Substituting these formulas 
into the formula for n^dn^dfi we obtain 

/ n3{6n,e3)dij, = 2 / Hn^ipdfi+ 
Jm Jm 

2 / (-2FIZ3P - 2AZ|e-2" - 2iZ|e"2")v9dx A dy 

Ja4 

Since 4|Z3p = e^"(l - n|) (see 0), we have 

[ nsiSn, e3)dfi = ]- f {6Hnl - 2H - 8e-^"{AZl + AZl))ipdfi, 
Jm 2 Jj^j 

and finally derive 

s[ nldiJ.= [ {AHnl-2H -8e-'^'^{AZl + AZl))Lpdfi. (28) 
Jm Jm 

Now by substituting 1)271) and (|28() into (|25() we prove the theorem. 

6.2 The isoperimetric problem in 5"^ x M and a certain Will- 
more-type functional 

Proposition 5 For a nonminimal constant mean curvature sphere M in 
S'^ xR we have 



[ {H^ + K+ l)di^i = levr. 
Jm 



I M 

Proof. By we know that each cmc sphere is a sphere of revolution 
for H ^ and a spherical section for H = 0. By every constant mean 
curvature sphere of revolution Sh, with H ^ 0, is generated by the curve 
curve = Sh/0{2) meeting the following equations B = S'^ x M/0(2) = 
{(x,y) :xGM,y G [0,^]}: 

dx dy da 

— = cos 0", — = sm £7, —— = h + cot y cos a, 

ds ds ds 

where a is the angle between 7 and the x-axis. Thus K = sid? a and we 
have 

Kd, = 4J2-^ln^+^V (29) 



Is, 
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By jSj, the area of Sh equals 



,„„).y^,,.,,(^_A_,_5l_,„^±i). ,30) 

Combining (|29|) and (|.SOj) we obtain the proof of the proposition. 

As it was proved by Pedrosa IHj the isoperimetric problem for 5^ x M 
is solved by domains bounded by cmc spheres for small volumes d and by 
products cylinders S"^ x [O, Jp] for large volumes d with one point do of 
transition from one topological class of solutions to another. 

Proposition El one more time demonstrates that a certain generalization 
of the Willmore functional of the type {H'^ + aK + (3)dfi respects the isoperi- 
metric surfaces of spherical topology by attaining on them some constant 
value which is even probably the minimum of the functional. 
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